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Abstract

In this paper, we analyzethe properties of the sparseapproximate inverseprecon-
ditioner, and prove that for a strictly diagonally dominant M matrix, the computed
preconditioning matrix can be guaranteed to be nonsingular if it is nonnegative. Then
we investigatethe useof the processorvirtualization technique to parallelize the sparse
approximate inversesolver. Numerical experiments on a distributed memory parallel
computer show that the e�ciency of the resulting preconditioner can be improved by
virtualization.
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1 In tro duction

The need to solve very large sparselinear systemsarises from many important applica-
tions, and has been driving the development of sparselinear system solvers for parallel
computers. Direct solvers, basedon sparsematrix factorization, are extremely robust, but
their memory and 
oating point operation requirements grow faster than a linear function
of the order of the matrix, becauseoriginal zeros�ll in during the factorization. Precon-
ditioned Krylo v subspacemethods, by contrast, are consideredto be someof the most
suitable candidatesfor solving large sparselinear systems[1, 34].
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Simple parallel preconditioners such as Jacobi or block Jacobi methods, although
easyto implement, have the inherent weaknessof being not robust for di�cult problems.
Their lack of robustnessprevents them from being used in industrial-strength, standard
software packages.Other parallel preconditionersbasedon the multicoloring strategy also
have restricted applicabilit y, as only limited parallelism can be extracted by this strategy.
Domain decomposition basedmethods have been exploited extensively in parallel linear
system solvers and preconditioners [5, 10, 28, 39]. Important progresshas been made
recently concerningthe parallelization of incomplete LU (Cholesky) factorization precon-
ditioners [21, 30, 33]. Furthermore, there are two additional classesof more advanced
parallelizable preconditioners that seemto be more robust than the simple precondition-
ers. One is basedon multilev el block incomplete LU (ILU) factorization, which is built
on successive block independent set ordering and block ILU factorization. For a detailed
discussionof several sequential and parallel multilev el ILU preconditioning techniques,we
refer readersto [2, 3, 35, 36, 37, 38].

In this paper, we will examine another classof parallelizable preconditioning tech-
niques which compute a sparseapproximate inverse(SAI) of the original matrix. These
preconditioners possessa high degree of parallelism in the preconditioner application
phase,and are shown to be e�cien t for certain type of problems. Many algorithms have
beenproposedto construct SAI preconditioners[8, 15, 17, 18, 19, 40, 41, 43, 46]. A typical
oneis to compute the preconditioner matrix M by minimizing the Frobeniusnorm [15, 19].
This method is inherently parallel and can be implemented on distributed memory com-
puter systems. However, unlike an ILU type preconditioner, it is di�cult to prove that a
SAI preconditioner is nonsingular.

SAI preconditioners have been successfullyparallelized in practice. Two software
packagesweredeveloped independently basedon two di�eren t sparsity pattern generation
algorithms. ParaSails is basedon a static sparsity pattern computation and is developed
by Chow [13, 14]. SPAI 3.0 is basedon a dynamic sparsity pattern computation and was
developed by Barnard et al. [4]. They are written using the usual parallel messagepassing
interface standard (MPI). The performanceof thesemethods is studied and comparedin
[42].

The MPI standard [31] is currently the most popular programming model for par-
allel application development. In MPI, to run on a parellel machine with P processors,
the programmer normally divides the computation into exactly P processes,which run
on the P processors. For complex dynamic applications, signi�cant programmer e�ort
can be required to divide the computation with good load balance and communication
performance.

The processorvirtualization concept has been proposedas a way to remedy these
di�culties [22, 23, 24, 26, 27]. The processorvirtualization method has the programmer
decomposethe computation accordingto the nature of the problem, instead of the number
of physical processorsavailable. The programmer thus divides the problem into a large
number of objects, which are called virtual processors,and the runtime system is respon-
sibile for mapping thesevirtual processorsto di�eren t physical processors.This empowers
the runtime system to do resourcemanagement, including automatic load balancing and
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communication optimization, by migrating the virtual processorsacrossphysical proces-
sors. It simpli�es the programmer's task by substantially removing the constraint of
physical processorsfrom the algorithm designprocess[27].

The processorvirtualization technique hasbeensuccessfullyemployed and evaluated
in many dynamic applications which are notoriously di�cult to parallelize [25, 32, 47].
But its performanceon other important parallel applications, including parallel precondi-
tioning, remains unknown. Hencethe latter part of this study is an investigation into the
e�ect of processorvirtualization on a parallel SAI solver.

The paper is organizedasfollows. In Section2, we introducethe basic technique and
properties of the SAI preconditioner. We then analyzethe nonsingularity of the computed
SAI matrix in Section3, treating separatelythe special casewhen the original matrix is an
M matrix. In Section4, we explain the idea of processorvirtualization and its application
to a SAI solver. Numerical results are presented in Section 5, which show the bene�ts of
processorvirtualization for a SAI solver. Section6 contains somebrief concluding remarks.

2 Sparse appro ximate inverse preconditioners

Consider a sparselinear system
Ax = b; (1)

where A is a nonsingular general square matrix of order n. The convergencerate of a
Krylo v subspacesolver applied directly to (1) may beslow if the matrix A is ill-conditioned.
In order to speedup the convergencerate of such iterativ e methods, we transform (1) into
an equivalent system

M Ax = M b; (2)

where M , the preconditioner, is any nonsingular matrix of order n. A Krylo v subspace
solver applied to the transformed system will converge faster than the original system
if the condition number of M A is better than that of A. In particular, if M is a good
approximation to A � 1 in somesense,then M A should be a good approximation to the
identit y matrix I . A Krylo v solver applied to the identit y matrix convergesin one step.

A sparseapproximate inverseis simply a sparsematrix M which is a good approx-
imation to A � 1. The major driving force behind the search for e�cien t sparseapproxi-
mate inversepreconditioners is their potential advantagesin parallel computing. The idea
is that once computed, a sparsepreconditioner matrix M can be applied via a simple
matrix-v ector product, which can be implemented e�cien tly on a parallel computer [29].
The easeand e�ciency of this parallel operation comparesfavorably with the highly se-
quential nature of the triangular solution proceduresusedby incomplete LU factorization
preconditioning techniques.

There exist several techniques to construct sparseapproximate inverseprecondition-
ers. They can be roughly categorizedinto three classes[9]: sparseapproximate inverses
basedon Frobeniusnorm minimization [15, 19, 41], sparseapproximate inversescomputed
from an ILU factorization [16], and factored sparseapproximate inverses[8, 45, 46]. Each
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of theseclassescontains a variety of di�eren t constructions and each of them has its own
merits and drawbacks. The sparseapproximate inverse technique that we discusshere
is based on the idea of least squaresapproximation. This is also the one that initially
motivated research in sparseapproximate inversepreconditioning [6, 7].

We discussherea particular classof sparseapproximate inversepreconditioners that
are constructed basedon a minimization of the Frobeniusnorm. Sincewe want M to be a
good approximation to A � 1, it is ideal if M A � I . This approach is to approximate A � 1

from the left, and M is called the left preconditioner. It is also possibleto approximate
A � 1 from the right, so that AM � I , which is termed as the right preconditioner. In the
caseof the right preconditioning, the equivalent preconditioned system analogousto (2)
is

AM y = b; and x = M y: (3)

In fact, the right preconditioning approach is easierfor us to illustrate the Frobeniusnorm
minimization idea, which will be described in detail in the following paragraphs.

In order to have AM � I , we want to minimize the functional

f (M ) = min
M

kAM � I k (4)

for all possiblenonsingular squarematrices M of order n, with respect to a certain norm.
Without any constraint on M , the minimization problem (4) has the obvious solution
M = A � 1. This solution is undesirable for at least two reasons.First, inverting a matrix
is much slower than performing a linear solve. Second,for most sparsematrices A, their
inversesA � 1 are mostly dense,which will causeseriousmemory problems for the large
matrices encountered in many practical applications.

Thus we are interested in a constrained minimization such that M has a certain
sparsity pattern, or nonzero structure|that is, only certain entries of M are allowed to
be nonzero. Given a sparsity pattern 
 (which could be �xed or depend on the original
matrix), we minimize the functional

f (M ) = min
M 2 


kAM � I k: (5)

Although any norm could beusedin the above de�nition, a particularly convenient norm is

the Frobeniusnorm, de�ned for a matrix A = (aij )n� n askAkF =
q P n

i;j =1 a2
ij [34]. With

the Frobenius norm, the minimization problem (5) can be decoupledinto n independent
subproblemsand can proceedas (using squarefor convenience)

kAM � I k2
F =

nX

k=1

k(AM � I )ekk2
2 =

nX

k=1

kAm k � ekk2
2; (6)

where mk and ek are the kth columns of M and I , respectively. It follows that the
minimization problem (5) is equivalent to minimizing the individual functions

kAm k � ekk2; k = 1; 2; : : : ; n (7)
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with certain restrictions placedon the sparsity pattern of mk . In other words, each column
of M can be computed independently.

If the sparsity pattern of mk allows, say, n2 nonzeroentries, the rest of the entries are
forced to be zero. Denote the n2 nonzeroentries of mk by ~mk and the n2 corresponding
columnsof A by Ak . SinceA is sparse,its submatrix Ak hasmany rows that are identically
zero. If we remove the zero rows, we have a reduced matrix ~Ak with n1 rows and n2

columns. The individual minimization problem (7) is thus reduced to a least squares
problem of order n1 � n2

min
~mk

k ~Ak ~mk � ~ekk2; k = 1; 2; : : : ; n: (8)

We note that the matrix ~Ak is usually a very small rectangular matrix. It has full rank if
A is nonsingular. ~mk can be computed by QR factorization or the normal equations [19]
for each column k independently. These solves yield an approximate inversematrix M ,
which minimizes kAM � I kF for the given sparsity pattern.

The parallelism inherent in the technique is the computation of the columns ~m k

independently of each other. It can be implemented e�cien tly on any modern parallel
machine [29].

3 Nonsingularit y of the sparse appro ximate inverse matrix

If our preconditioner is a singular matrix, a solution of the transformed system (2) may
not correspond to a solution of the original system(1). Hencethe preconditioning matrix
must be nonsingular.

Unfortunately, unlike the ILU type preconditioners, whose nonsingularity can be
guaranteed by forcing the diagonal elements of the triangular matrices (L and U) to be
nonzero, it is di�cult to prove that an SAI preconditioning matrix is nonsingular. In
most numerical experiments, we �nd out that the computed approximate inversematrices
turn out to be nonsingular. However, there have been no practically useful methods to
determine if a computed SAI matrix is nonsingular or not. Existing theoremsrequire the
computed SAI matrices to satisfy certain strict conditions to be nonsingular [34]. Meeting
theseconditions usually requires the sparsity pattern to include an impractical number of
nonzeros.

In this section, we discuss the nonsingularity of the SAI matrix. We assumethe
original matrix A is a nonsingular matrix, and we assumethe diagonal is included in the
selectedsparsity pattern. First we will give somede�nitions and conceptswhich will be
used in the following discussion.

3.1 De�nitions

� Strictly column diagonally dominan t matrix:
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A matrix A is called strictly column diagonally dominant if

j aii j>
nX

j =1 ;j 6= i

j aj i j

A matrix is strictly row diagonally dominant if its transposeis strictly column diago-
nally dominant. It is well know that any strictly column or row diagonally dominant
matrix is nonsingular.

� Nonnegativ e and nonp ositiv e matrix:

A matrix A is a nonnegative matrix if for each element aij in the matrix, we have
aij � 0. We can write it as A � 0. A matrix A is a nonpositive matrix if � A is a
nonnegative matrix.

3.2 Sparse appro ximate inverse for general matrices

From the introduction in Section 2, we know that the approximate inverse processis
to compute n independent small minimization problems according to a selectedsparsity
pattern. The solution of each minimization problem is a vector ~mk with length nk , where
nk � n, and is equal to the number of nonzerosin the sparsity pattern. n is the dimension
of the original matrix A.

To be convenient for discussion,we permute ~Ak to Ak , so that Ak can be written in
the block form �

Bk

Ek

�
: (9)

Herewe de�ne Bk by dropping both the rows and columnsof A corresponding to the zeros
in our sparsity pattern for the k'th column, then permuted so the kth diagonal element of
A is the �rst diagonal element of B k . HenceBk is a primary submatrix of A of rank nk .
Ek is the rectangular matrix, which is formed by the remaining o�-diagonal rows of ~Ak .

So the minimization problems (8) can be rewritten as

min kAkmk � e1k2; k = 1; : : : ; n (10)

Here, mk , e1 is the corresponding permutation of ~mk and ~ek . The vector mk is computed
by solving the normal equation

AT
k Akmk = AT

k e1

) (B T
k Bk + E T

k Ek)mk = AT
k e1

) (B T
k Bk + E T

k Ek)mk = B T
k e1:

(11)

It is di�cult to evaluate the nonsingularity of the SAI matrix M directly, since the
columns of M are computed independently, and there is no direct relationship among
them. We turn to analyzing the properties of AM , the product of the original matrix A
and SAI matrix M ; becauseif AM is nonsingular, then M must be nonsingular.

First the diagonal property of the AM matrix is studied.
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Theorem 3.1. Let AM = (dij ) i;j =1 :::n . AM is a matrix with nonnegative diagonal ele-
ments, and each diagonal element dkk of AM can be expressed as

dkk =
nX

j =1

d2
j k :

Pro of: From the computation of SAI matrix, the nonzero elements of AM are a
permutation of

Akmk ; k = 1; : : : ; n:

Here mk stands for the solution of (11).

In our discussion,we have permuted the kth diagonal element of A to be the �rst
diagonal element of Ak . So the kth diagonal element of AM is

dkk = eT
1 Akmk = mT

k AT
k e1:

which when we expressAk as in (9) is

dkk = mT
k B T

k e1:

From (11), we know that
AT

k Akmk = B T
k e1:

Multiplying this relation on the left by mT
k gives

dkk = mT
k B T

k e1 = (Akmk )T Akmk =
nX

j =1

d2
j k :

�

Sincewe are trying to compute M as a sparseinverseof A, AM should approximate
the identit y matrix I . In the next theorem, we show the diagonal property of AM � I .

Theorem 3.2. Let AM � I = (cij ) i;j =1 :::n . AM � I is a matrix with nonpositive diagonal
elements,and each diagonal elementckk of AM � I satis�es

ckk = �
nX

j =1

c2
j k :

Pro of: The proof is straightforward, consideringcj k = dj k when j 6= k, where dj k is
the element of AM , we have

ckk = dkk � 1
) ckk = � (dkk � 1)2 � dkk + d2

kk
) ckk = � c2

kk �
P n

j =1 d2
j k + d2

kk
) ckk = � c2

kk �
P n

j =1 ;j 6= k d2
j k

) ckk = �
P n

j =1 c2
j k :
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�

The next theorem is related to the Frobenius norm of AM � I .

Theorem 3.3. The Frobenius norm kAM � I kF is the square root of the sum of the
absolutevaluesof the diagonal elementsof AM � I .

Pro of: This can be proved by

kAM � I k2
F

=
P n

k=1 kAkmk � e1k2

=
P n

k=1
P n

j =1 c2
j k :

From Theorem 3.2, we get

kAM � I k2
F = �

nX

k=1

ckk :

Here ckk is the diagonal element of AM � I .

�

Finally, we give a theorem about the nonsingularity of the computed SAI matrix M
for a generalmatrix A.

Theorem 3.4. If
P n

k=1 jckk j < 1, then M is nonsingular.

Pro of: Theorem 3.3 shows the Frobenius norm of AM � I can be written as

kAM � I k2
F =

nX

k=1

jckk j:

So
P n

k=1 jckk j < 1 implies
kAM � I kF = < 1:

It is well known that when

kAM � I kF = kI � AM kF < 1;

then I � (I � AM ) = AM is a nonsingular matrix [34], so M is nonsingular.

�

Thus we seethat, to verify if an approximate matrix is nonsingular or not, we only
needto check the diagonal elements of AM , instead of doing a high cost matrix multipli-
cation.

3.3 Sparse appro ximate inverse for M matrices

Many sparselinear systemsarising from scienti�c and engineeringapplications lead to a
special kind of matrix, the M matrix. It is thus useful investigate the nonsingularity of
the approximate inversepreconditioners for M matrices.

A squarematrix A is called an M matrix if A = �I � G with G � 0 and � � � (G),
where � (G) is the spectral radius of the matrix G. If a matrix A is an M matrix, then
[11]:

8



� The diagonal elements of A are nonnegative (� 0), and the o�-diagonal elements of
A are nonpositive (� 0).

� The inverseof A is nonnegative.

� All the primary submatricesof A are M matrices.

� There exists a positive diagonal matrix D which makesAD a strictly column diag-
onally dominant matrix.

The remainder of this section discussesM matrices.

Lemma 3.5. Let A be an M matrix. If the least squaressolution mk of (10) is nonnegative,
then Bkmk � e1 and Ekmk are nonpositive.

Pro of: When A is a nonsingular M matrix, B k is a nonsingular M matrix because
it is a primary submatrix of A; and the matrix Ek is a nonpositive matrix as it is formed
by the o�-diagonal elements of A.

Ekmk � 0 is clear becauseEk � 0 and mk � 0. Next we prove Bkmk � e1 � 0.

From (11), we get

B T
k Bkmk + E T

k Ekmk � B T
k e1 = 0

) Bkmk � e1 = � B � T
k E T

k Ekmk :

Bk is a nonsingular M matrix, so B � 1
k is a nonnegative matrix. Therefore,

� B � T
k E T

k Ekmk

is a nonpositive vector, so B kmk � e1 is nonpositive.

�

Each least square solution of (10) will compute a column of approximate matrix
M . Lemma 3.5 implies that when the column of M is � 0, the corresponding column of
AM � I will be � 0. So we get the next Lemma

Lemma 3.6. If the SAI matrix M of an M matrix A is nonnegative, then AM is a matrix
with nonnegative diagonal elementsand nonpositive o�-diagonal elements,and AM � I is
a nonpositive matrix.

From the de�nition we know that an M matrix can be transformed to a strictly
column diagonally dominant M matrix by multiplying by a diagonal matrix D . Next we
give a theorem when the original matrix A is a diagonally dominant M matrix.

Theorem 3.7. Suppose A is a column diagonally dominant M matrix. If the computed
sparse approximate inverse preconditioner M is a nonnegative matrix, then AM is a di-
agonally dominant matrix. Especially, if A is strictly column diagonally dominant, then
M is nonsingular, and AM is also an M matrix.
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Pro of: Let dk be one column in AM . According to Lemma 3.6, when M is a
nonnegative matrix,

dkk � 0;

and
dik � 0; i 6= k:

Sincedik =
P n

j =1 aij mj k ,

P n
i=1 dik

=
P n

i=1
P n

j =1 aij mj

=
P n

j =1
P n

i=1 aij mj

=
P n

j =1 mj
P n

i=1 aij :

A is a diagonally dominant M matrix, so we have

nX

i =1

aij � 0:

Therefore, we get
nX

i =1

dik =
nX

j =1

mj

nX

i =1

aij � 0:

That meansAM is a diagonally dominant matrix. Obviously, when A is strictly diago-
nally dominant, AM is also a strictly diagonally dominant M matrix, which implies M is
nonsingular.

�

From Theorem 3.7, we can seethat for a strictly column diagonally dominant M ma-
trix, the nonsingularity of its approximate inversematrix can be guaranteed by computing
a nonnegative approximate inversematrix.

4 Pro cessor virtualization in sparse appro ximate inverse

The goal of processorvirtualization is to �nd an e�ectiv e division of labor between the
programmer and runtime system. Speci�cally , the human programmer is best at �nding
and expressingthe natural parallelism of the application, but the runtime system can
e�cien tly carry out resourcemanagement and many performanceoptimizations [26, 27].
In the processorvirtualization model, the programmer divides the computation into many
virtual processors,and the runtime system assignsthem to available physical processors.
The management and inspection of the virtual processorsarealsocontrolled by the runtime
system instead of the programmer.

Probably the most obvious advantage of processorvirtualization is that the run-
time system can do automatic dynamic load balancing, by moving the virtual processors
between physical processors. Supposeeach physical processorhousesmany virtual pro-
cessors.In the simplest setting, the runtime systemcan monitor the loads on all physical
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processorsand its neighbors. When a physical processorgoes idle, the run time system
could requestadditional virtual processorsfrom neighboring physical processorswith high
load, so that the loads are balanced. A powerful runtime system can make this possible
without user supervision.

Processorvirtualization has been applied in many di�eren t areas. Many of these
applications bene�t from the automatic load balancing mechanism [25, 32, 47]. However,
for SAI preconditioning, load balancing is usually not a seriousissue. Sincethe computa-
tion and communication pattern is a �xed matrix vector product, the load can be roughly
balancedby assigningthe samenumber of matrix rows to each processor.So in this study,
we do not focus on the automatic load balancing advantage of virtualization, but instead
on its abilities to improve cache performanceand optimize communication.

Better cache performance The parallelization schemefor a SAI solve on virtual pro-
cessorsis the sameasfor physical processors|the matrix data is distributed to the virtual
processorsrow by row. When the number of virtual processorsis larger than the num-
ber of physical processors,each virtual processorhandlesa smaller set of data than each
physical processor.A virtual processormay thus have better memory locality during both
communication and computation. This blocking e�ect is the samestrategy employed by
many sequential cache optimization techniques.

Adaptiv e overlap of computation and comm unication For the SAI precondition-
ing technique, the communication is mainly from its matrix vector product in the solving
phase. For example, when we use the GMRES algorithm as the preconditioned Krylo v
subspacesolver, each GMRES iteration involves two matrix vector product operations.
As one processoronly stores part of the vector, the other parts of the vector need to be
acquired from corresponding processorsby messagecommunication. Therefore, the time
spent on an iteration for oneprocessordoesnot only depend on itself but also the slowest
processorwhich has part of the vector.

Typical parallel programming models such as MPI support only one processper
physical processor. Therefore, if this single processis blocked on a receive, the whole
physical processorblocks and is idle. This communication idle time can be traced to
two distinct causes.First, a processorB may have to wait for processorA to complete its
work, for examplebecauseA is a slower processoror moreheavily loaded(load imbalance).
Second,evenafter A sendsthe data, processorB still must wait for the data to arriveacross
the network (messagedelay). This is illustrated in Fig. 1, where processorB has �nished
its �rst phasecomputation, but it cannot go to its secondphasecomputation without the
messagefrom processorA. So processorB remains idle until the messagefrom A arrives.
Both load imbalanceand messagedelay prevent us from taking full advantage of machine's
power.

Allowing each physical processorto contain many virtual processorscan decreasethe
amount of time wasted. When one virtual processoris blocked, the runtime system can
keepthe CPU working by picking up another virtual processorto take the control of the
CPU. This behavior is illustrated in Fig. 2, where the physical processorA and B now
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Figure 1: Processoridle time causedby load imbalanceand messagedelay.

contain two virtual processorsA1, A2, B 1, and B 2. When the �rst phasecomputation
of B 1 and B 2 are �nished, the messagefrom A1 arrives, hence B 1 can start its next
phasecomputation immediately. Compared with Fig. 1, the idle time in Fig. 2 is reduced
becausethe computation and communication in Fig. 2 are overlapped.
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Figure 2: Processoridle time reduction via processorvirtualization.

Now the question is: can the communication and computation be overlapped in SAI
preconditioning? In other words, can the matrix-v ector operations take advantage of the
adaptive overlapping mechanism of virtualization? Obviously, when the matrix is a dense
matrix, the matrix vector operation tends to require an all to all communication. In
this case,the communication and computation can hardly be overlapped, for example, in
Fig. 2, if the virtual processorB 1 requires both messagesfrom A1 and A2 to start its
secondphasecomputation.

Fortunately, SAI preconditioning is for sparsematrices. In each communication step,
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a virtual processorrequires the part of the vector corresponding to the nonzeropattern of
the local submatrix. Thus communication is only required betweena small set of nearby
virtual processors.An extreme example is when the number of virtual processorsis equal
to the dimensionof the matrix. Each virtual processorthen hasonly onerow of the matrix,
so the number of communications per virtual processorwill be lessthan or equal to the
number of nonzero elements in the stored row, which is usually much smaller than the
dimensionof the matrix (otherwise, it is not a sparsematrix.) This sparsecommunication
pattern makesthe adaptive overlap of communication and computation possible.

4.1 Implemen tation issues

Currently there are at least two parallel programming systemssupporting the processor
virtualization technique. Charm++ is one of the earliest. It is C++ based and uses
parallel objects called Charesto expresseach virtual processor.Charescommunicate via
asynchronous invocation of each other's special \remote" methods. For some types of
applications, Charm++ has better performanceand modularit y properties than MPI[24,
26, 27]. However the asynchronous message-passingmechanism is unfamiliar to many
programmers,especially in Scienceand Engineering or using languagesother than C++.

To provide processorvirtualization within the popular MPI programming interface,
Adaptiv e MPI (AMPI) wasdeveloped [20]. AMPI is built on Charm++, but provides the
familiar programming model of MPI. In this study, we use AMPI to implement an SAI
solver. Details of the Charm++ and AMPI programming systemscan be obtained from
their website [12], or publications [20, 22, 23, 24].

The processorvirtualization conceptcan be applied to any existing SAI solver. Here
we usean SAI solver basedon a static sparsity pattern [13, 14] to show the advantagesof
virtualization. This algorithm usesthe sparsi�ed patterns of powers of A as the sparsity
pattern for M . Here \sparsi�ed" meansthat certain small entries of A are removed before
its sparsity pattern is extracted. For achieving higher accuracy, the sparsity patterns of
(sparsi�ed) A2, A3; : : : ; may be used. Here the matrices A2; A3; : : : , are not explicitly
computed, only their sparsity patterns are extracted from that of the matrix A with
binary operations. A software package, ParaSails, which usesMPI to parallelize the
static sparsity pattern SAI preconditioning, has beenreleasedto the public [13, 14]. We
make ParaSailsvirtualization capableby replacing the MPI commandsin the software to
corresponding AMPI commandsand compiling it with the AMPI compiler. The following
is the SAI algorithm basedon the static sparsity pattern [13].

Algorithm 4.1. Construct a static pattern SAI preconditioner.

1. Given a drop tolerance � and the level of pattern l
2. Drop entries of A that are smaller than � to get A 0

3. Compute an SAI matrix M according to the sparsity pattern of A l
0

4. Drop entries of M that are smaller than �
5. M is the preconditioner for Ax = b
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5 Exp erimen tal results

In this section, we show the parallel performanceof an SAI solver basedon the processor
virtualization technique introducedin the previoussection. The equationsto besolved are
the discretizedconvection di�usion equations,which are very important in computational

uid dynamics to model transport phenomena.

3-D Con vection-di�usion problem. A three dimensional steady-state convection-
di�usion problem is de�ned on a unit cube as

uxx + uyy + uzz + 1000(p(x; y; z) ux + q(x; y; z) uy + r (x; y; z) uz) = 0: (12)

Here the convection coe�cien ts are chosenas

p(x; y; z) = x(x � 1)(1 � 3y)(1 � 2z);

q(x; y; z) = y(y � 1)(1 � 2z)(1 � 2x);

r (x; y; z) = z(z � 1)(1 � 2x)(1 � 2y):

The Reynolds number for this problem is 1000. Eq. (12) is discretized by using the
standard 19-point fourth order compact di�erence scheme [44]. A typical row or column
thus has 19 nonzeroentries.

The solver We can seefrom Algorithm 4.1 that there are two parameters in the algo-
rithm, � and l, which have an important in
uence on the convergenceperformanceof the
resulting system. In a real world application, they should be tuned carefully. However, in
this study, we only focuson the parallel performanceof the SAI solver. In all our reported
numerical results, the drop tolerance parameter � is �xed to be zero, and the level of
pattern is set to be 1.

We run the tests on the TungstenXeon machine in NCSA using up to 16 nodes. Each
node has 3GB memory and dual Intel Xeon 3:06 processors. The processoris installed
with a 512 KB L2 cache and 1MB L3 cache.

For all the results reported in the tables and �gures. \degree" meansthe number of
virtual processorsassignedto each physical processor. \MPI" denotesthe time used for
native MPI program solving the sameproblem. \setup" meansthe time spent constructing
the SAI preconditioner; \solve" is the time spent on the preconditioned GMRES(50)
iteration; \total" is the sum of thesetwo values.

5.1 Virtualization overhead

We �rst comparethe performanceof the SAI solver when using di�eren t number of virtual
processorson only onephysical processor.The purposeof the test is to study the overhead
of virtualization. Herewe point out that, when using onevirtual processorin onephysical
processor,the program is actually doing a serial computation.
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Degree setup solve all
1 4.1 20.4 24.5
2 4.1 20.7 24.8
3 4.2 21.6 25.8
4 4.3 22.2 26.5
5 4.3 22.4 26.7
6 4.4 22.7 27.0
7 4.4 23.1 27.5
8 4.5 23.6 28.0

MPI 4.1 20.4 24.5

Table 1: Raw data of Fig. 3.

Fig. 3 shows the result for solving the three dimensionalconvection-di�usion equation
with 40; 000unknowns and 722; 206nonzeros.Its raw data are listed in Table 1. The time
reported here is after 1000GMRES iterations.
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Figure 3: Virtualization overhead on one physical processorcase. Number of Unknowns
= 40; 000. 1000iterations. 1 physical processor.

From Fig. 3 and Table 1 we can seethat when using more virtual processors,the
virtualization overheadmakesboth the setup time and solving time increaseslightly. The
total CPU time of using8 virtual processorsis 3:5 seconds(14 percent) slower than without
using virtualization.

5.2 Cache performance

The test in this paragraph is to demonstratethe cache performancee�ect of virtualization.
The results shown in Fig. 4 and Table 2 are from solving a larger problem sizeof 160; 000
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Figure 4: Cache performance on one physical processorcase. Number of Unknowns =
160; 000. 1000iterations. 1 physical processor.

Degree setup solve all
1 16.4 112.6 129.0
2 16.3 112.3 128.7
3 16.5 104.9 121.4
4 16.5 103.8 120.3
5 16.7 103.9 120.6
6 16.8 104.1 120.9
7 16.7 104.7 121.5
8 16.9 104.5 121.4

MPI 16.3 112.4 128.7

Table 2: Raw data of Fig. 4.

unknowns with 2; 951; 656 nonzeroson one physical processor.

We can seefrom Fig. 4 and Table 2 that the setup time increaseswith more virtual
processorsdue to the virtualization overhead. However, the solve time drops from 112.6
secondsto 103.8secondsbecauseof the improved cache performancewhen the degreeof
virtualization is increasedfrom 1 to 4. More virtual processorsmake each virtual processor
handle less data, which �ts better in cache. Here we can see the cache performance
outperforms the in
uence of the virtualization overheadand improvesthe total CPU time
by 6 percent.

The setup time does not show much cache bene�t becausethe main computation
during the setup phase is the small least square solves, which are implemented by the
highly cache optimized BLAS/LAP ACK routines in the SAI solver. In addition, each
least squaresolve is only to compute one column of the SAI matrix, so the memory usage
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Figure 5: Performanceof adaptive overlapping. Number of Unknowns = 640000.1000it-
erations. 16 physical processors.Upper: Relationship betweenthe degreeof virtualization
and total time. Lower left: Relationship between the degreeof virtualization and setup
time. Lower right: Relationship betweenthe degreeof virtualization and solving time.

is related to the number of nonzerosin the sparsity pattern, which is bounded by 19 in
our numerical experiments and not in
uenced by the problem size.

5.3 Adaptiv e overlapping

The adaptive overlap of communication and computation happenswhen one virtual pro-
cessorblocks for a receive, and the runtime systemswitches to another virtual processor.
Theoretically, adaptive overlap can save CPU time since a better overall processoruti-
lization is expected. To show its performance,we �rst should eliminate the in
uence of
the cache e�ect. From the experiments in the previous subsection, we seethat when a
physical processoris assigneda data set sizeof 40; 000, the whole CPU time only increases
aswe add virtual processors.It implies that there is no cache bene�t, or the cache bene�t
cannot compensatefor the virtualization overhead.

So we run our next test on 16 physical processors,and assign40; 000 unknowns to
each physical processor,which means a total problem size of 640; 000. The results are
shown in Fig. 5 and Table 3.

From Fig. 5 we can seethat when use 4 virtual processorsper physical processor,
the solving time is decreasedby 5 seconds,which is 10 precent faster than the non-
virtualizatized case. Sinceeach physical processorcontains only a 40; 000 unknowns, the
speeduphere can be regardedas purely from the adaptive overlap of communication and
computation.
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Degree setup solve all
1 4.4 49.7 54.1
2 4.4 46.3 50.6
3 4.5 44.8 49.2
4 4.6 44.7 49.3
5 4.7 45.2 49.9
6 5.4 45.3 50.8
7 6.3 46.6 52.8
8 6.6 48.0 54.6

MPI 4.4 49.8 54.2

Table 3: Raw data of Fig. 5.

Degree setup solve all
1 17.8 252.8 270.6
2 18.0 249.1 267.1
3 18.4 233.0 251.4
4 18.8 221.7 240.5
5 20.1 216.0 236.1
6 21.4 216.7 238.1
7 21.6 218.8 240.5
8 22.3 219.8 242.1

MPI 18.0 252.6 270.6

Table 4: Raw data of Fig. 5.

5.4 In terlea ved performance

With a larger problem size,we show the performanceof the SAI solver with both improved
cache performance and adaptive overlapping of communication and computation. The
results in Fig. 6 and Table 4 are from solving a three dimensional problem size with
5; 120; 000 unknowns.

The data in Fig. 6 and Table 4 illustrate that when the degreeof virtualization is 5,
the solving time decreasesfrom 252:8 to 216:0 seconds,which is 14:5 percent improvement
comparedwith the non-virtualized case. The total CPU time can be saved 34:5 seconds.
The speeduphereareboth from the improved cache performanceand adaptive overlapping
of communication and computation.

6 Conclusion

In this paper, new stronger guarantees for the nonsingularity of the SAI preconditioning
matrix were presented. For a generalsparsematrix, the nonsingularity of its SAI matrix
M can be checked by only computing the diagonal elements of AM � I . For a strictly
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Figure 6: Interleaved performance. Number of Unknowns = 5; 120; 000. 1000 iterations.
32 physical processors.

diagonally dominant M matrix, the nonsingularity of the resulting preconditioned system
can be guaranteed by computing a nonnegative SAI matrix.

We also demonstrated that the processorvirtualization technique can be used to
parallelize the SAI preconditioning process. The numerical results demonstrate that the
parallel performanceof the SAI preconditioning canbe improvedby usinga proper number
of virtual processorsin a physical processor.Two reasonsaccount for this speedup: �rst
is improved cache performance, becauseeach virtual processorhandles lessdata than a
physical processor;second,virtualization allows many processesin each processor,which
decreasesthe probabilit y of the processoridling when one processblocks for a receive.

In our tests, no bene�t was shown during the setup phase, becausethe standard
SAI computation does not involve much communication and the memory usagefor each
least squarescomputation is �xed. But for more complex computation, like the multistep
successive preconditioning (MSP) [41], whose setup phase consists of many steps, and
each step does matrix products, the performanceof its setup phasecan expected to be
improved by virtualization. Our future work will include a study of the performanceof
thesemore complicated solvers.
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